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Abstract. The paper uses the cellular basis of the (semi-simple) degenerate cyclotomic Hecke algebras to investigate 
these algebras exhaustively. As a consequence, we describe explicitly the "Young's seminormal form" and a orthogonal 
bases for Specht modules and determine explicitly the closed formula for the natural bilinear form on Spccht modules and 
Schur elements for the degenerate cyclotomic Hekcc algebras. 

1. Introduction 

The cyclotomic Hecke algebras or Ariki-Koike algebras were introduced independently by Ariki and 
Koike [AK] who were interested in them because they are a natural generalization of the Iwahori- Hecke 
algebras of types A and B, and by Broue and Malle [BM] who conjectured these algebras should play 
a role in the modular representations of finite groups of Lie types. The cyclotomic Hecke algebras 
^ ■ also appear in a different guise in the work of Cherednik [C] as a family of cyclotomic quotient of the 
^ ! (extended) affine Hecke algebras. Now the cyclotomic Hecke algebras paly a fundamental role in many 
' branches of mathematics and were investigated in various settings. 

• 

O 



The cyclotomic Hecke algebras have a natural rational degeneration — degenerate cyclotomic Hecke 
Q ' algebras, which is a family of finite dimensional quotient algebras of the degenerate (extend) affine 
Hecke algebras, see [K, Chap. 7]. Now it turns out that the category of integral representations of 
degenerate affine Hecke algebras consists precisely of all inflations of all its cyclotomic quotients and 
the study of degenerate cyclotomic Hecke algebras has some independent interests, see for example 
^ ! [BK1,BK4]. The purpose of this paper is to investigate exhaustively the degenerate cyclotomic Hecke 
algebras using the cellular basis of these algebras, some investigations are outlined in Ariki, Mathas 
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^ ■ and Rui's work [AMR, §6], which should lead to a better understanding of these algebras. 

^ • The paper is largely inspired by Mathas's work [M04], which originates form Murphy's classical 
work [Mu95,Mu92]. For semi-simple degenerate cyclotomic Hecke algebras, we explicitly construct 
the matrix unites of it (Theorem 3.20). To do this we give a detailed investigation on Specht modules, 
which enables us to determine explicitly the "Young's seminormal form" and a orthogonal bases for 
Specht modules (Theorem 3.15 and Corollary 3.16). Furthermore, we obtain a closed formula on the 
] natural bilinear forms on Specht modules (Theorem 3.18), which answer a question of Ariki, Mathas 
' and Rui [AMR, §6.9]. As an application, we obtain a complete set of primitive idempotents of semi- 
^ 1 . simple degenerate cyclotomic Hecke algebras (Theorem 3.27), and describe 'explicitly' the Brundan- 
O I Kleshchev isomorphism ( [BK2, Corollary 1.3]) between degenerate cyclotomic Hecke algebras and 
^ ' cyclotomic Hecke algebras in the semi-simple case. 

^ ' It is well-known that the Schur elements play a powerful role in the representation theory of sym- 
>■ ■ metric algebras, see for example [CR, Chap. 9] and [GP, Chap. 7]. In the case of the degenerate 
^ ' cyclotomic Hecke algebras, Brundan and Kleshchev's work [ [BKl], Theorem A2] showed that these 
5^ ■ algebras are symmetric algebras for all parameters, which enable us to use the Schur elements to de- 
termine when Specht modules are projective irreducible and whether the algebra is semi-simple. In 
the paper we determine explicitly Schur elements for the degenerate cyclotomic Hecke algebras by 
computing the trace form on some nice idempotents of these algebras (Theorem 7.9). In the process 
of our computation, we introduce flrstly the " operation for the degenerate cyclotomic Hecke algebras 
(Deflnition 4.1), which is very different from that one introduced by Mathas [M04, §3] for cyclotomic 
Hecke algebras, and then by a straightforward computation based on two key Lemmas 6.3 and 7.8. 

The lay-out of this paper as follows. In section 2 we recall the deflnition of the degenerate cyclo- 
tomic Hecke algebras and the non-degenerate trace form on these algebras. In the long but fundamental 
Section 3, use the cellular bases we give a thorough investigation of the (semi-simple) degenerate cyclo- 
tomic Hecke algebras, for example the 'Young's seminormal form" and a orthogonal bases for Specht 
modules and the primitive idempotents of these algebras. The dual Specht module, or equivalently. 
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a dual cellular basis of the degenerate cyclotomic Hecke algebras is considered in Section 4, which is 
applied in Section 5 to give some nice idempotents of these algebras. Section 6 gives a direct com- 
putation of the trace form on these nice idempotents without any assumption, which gives a different 
proof of the non- degeneration of the trace form. Finally, a closed formula for Schur elements for the 
degenerate cyclotomic Hecke algebras is given in Section 7. Throughout this paper, we assume that R 
is a commutative ring and that m and n are positive integers unless otherwise stated. 

2. Degenerate cyclotomic Hecke algebras 

In this section, we recall that the definitions of degenerate cyclotomic Hecke algebras and of de- 
generate affine Hecke algebras. The non-degenerate trace form on the degenerate cyclotomic Hecke 
algebras and some basic facts are reviewed briefly. 

2.1. Let m, 77, be positive integers. Recall from [ST] or [Co] that the complex reflection group Wm,n 
of type G(m, 1, n) is the finite group generated by elements sq, si, . . . , subject to the relations 

= 1, SoSiSoSi = SiSoSiSo 

si = 1, SjSj+iSj = i > 1 

^i^j ^j^i^ [^ j| ^ 1* 

In particular, the subgroup (si, . . . , of Wm,n is isomorphic to the symmetric group Sn of order n 
with simple transposition Sj = {i, i+l) for i = 1, . . . , n — 1. It is well-known that Wm,n — (Z/mZ)" xiS'„. 
Clearly, W^i „ is the Weyl group of type An and W2^n is the Weyl group of type -B„. 

2.2. Definition. Let i? be a commutative ring and Q = {qi, . . . , q^} C R. The degenerate cyclotomic 
Hecke algebra is the unital associative i?-algebra := ^m,n{Q) generated by Sq; ^i, . . . , s„_i and 
subjected to relations 

(i) (so -qi) ... (so - qm) = 0, 

(ii) so(siSoSi + si) = {siSqSi + si)so, 

(iii) sf = 1, 1 < i < n, 

(iv) SiSi+iSi = Si+iSiSi+i, 1 <i <n-l, 

(v) SiSj = SjSi, |z - j| > 1. 

The elements xi := sq and Xj+i := SiXiSi + Si for i = 1, . . . , n — 1 of are called the Jucys- Murphy 
elements of Jif. 

Clearly, Jifi^niQ) is exactly the group algebra RSn and algebraically dependent, more- 

over, for all i, the minimal polynomial of Xi can be determined explicitly, see Corollary 3.28(ii). The 
following facts will be used frequently. 

2.3. Lemma. Suppose that 1 < i < n and 1 < j, k < n. Then 

(i) SjXj — Xj+iSj = —1 and sj^iXj — Xj-iSj-i = 1. 

(ii) SiXj = XjSi zfiy^j-l,j. 

(iii) XjXk = XkXj if I < j, k < n. 

(iv) Sj(^XjXj^j^ = XjXj^\Sj and Sj{xj ~\~ Xj_|_]^) = (^^j 

(v) if a E R and i j then Si commutes with (xi — a) {x2 — a) ■ ■ ■ {xj — a) . 

Proof, (i) follows directly by the definition of xj+i and 2. 2 (iii). 

(ii) If j = 1 then stXi = SiSo = xiSi whenever i ^ 1 according to 2.2(v). Assume that for all 
j = / > 1, SiXi = xiSi if i 7^ / — 1,/. Suppose that j = / + 1. Then, by induction and 2.2(v), 
SiXj = Si{si + SiXiSi) = XjSi if z 7^ / — 1, /, / + L On the other hand, 

- Xi+iSi^i = Si^iSi - SiSi^i + Si^iSiXiSi - SiXiSiSi-i 

= Si-iSiSi-iXi-iSi^iSi - SiSi_iX/_iS/_iS/S/„i 
= SiSi^i{siXi_i - Xi„iS/)s/„iS/, 

so, by induction, Si„iX/+i = x^+is^^i and (ii) is proved. 

(iii) Without loss of generality, we may assume that 1 < j < A; < n. Then 2.2(ii) and 2.2(v) imply 
that xiXk = XkXi for k = 1, . . . ,n. Assume that for all j = / > 1 and for all I < k < n, XiXk = XkXi. 
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Suppose that j = l + l. Then, by (ii) and induction, XjXk = (s/ + siXiSi)xk = x^Xi for all /c > i = / + 1. 
Hence Xix^ = x^Xj for all 1 < j, k < n. 

(iv) The first equality follows by 2.2(iii) and (iii), and the second one follows by (ii). 

(v) Let Xj{a) := (xi — a) . . . [xj — a). Obviously SjXi(a) = Xi[a)si if z 7^ 1. Assume that for all 
j = I > 1, SiXj{a) = Xj{a)si if i ^ j. Then, by induction and (ii), 

SiXi+i{a) = SiXi{a){xi+i - a) = Xi+i{a)si 

if 2 7^ /, / + 1. On the other hand, by induction and (iv), 

siXi+i{a) = Xi^i{a)si{xi - a)(x/+i - a) = Xi^i{a){siXiXi+i - asi{xi + xi+i) - a^si) = Xi+i{a)si. 

Thus SiX/+i(a) = Xi+i{a)si for i 7^ / + 1. The proof is completed. □ 

Recall from [D] or [L89] that the degenerate affine Hecke algebra J^^^ of GL„(C) is the associated 
-R-algebra which is equal as an i?-module to the tensor product R[yi, ...,?/„] i^^RSn of the polynomial 
algebra R[yi, . . . ,yn] and the group algebra RSn- Multiplication is defined so that R[yi, . . . ,yn] and 
RSn are subalgebras, and in addition 

Siy-i+i - yiSi = 1 

Siyj = yjSi if i 7^ j - 1, j. 

The following lemma shows that the degenerate cyclotomic Hecke algebras are the cyclotomic quo- 
tients of the degenerate affine Hecke algebra, which play a fundamental role in the study of the 
degenerate affine Hecke algebra, see for example [K, Chap. 7]. 

2.4. Lemma. Let Jq denote the two-sided ideal oj M'^^ generated by {yi — gi) ■ ■ ■ {yi — qm)- Then there 

is a surjective homomorphism of algebras n : J^^^ — ?■ such that yi i— Xi for each i and sj i— )■ sj for 
each j . Then tt is a surjective homomorphism and Kervr = Jq. 

Proof. The Lemma follows by definitions and Lemma 2.3. □ 

For degenerate cyclotomic Hecke algebra J^, we have the following important theorem. 

2.5. Theorem ( [K], Theorem 7.5.6). The degenerate cyclotomic Hecke algebra Jif is a free R-module 
with basis {xiX^2 ' ' ' x^^w \ < ii, . . . ,in < rn,w E Sn}- 

Now we recall the non-degenerate trace form on Jif constructed by Brundan and Kleshchev [BKl], 
which is our main investigation in this paper. To describe this one and for the computation in Section 6, 
we introduce some notation. Let Rmlxi, . . . be the level m truncated polynomial algebra, that is, 
the quotient of the polynomial algebra R[yi, ...,!/„] by the two-sided ideal generated by y^, . . . , |/^. 
Also define a grading on the twist tensor algebra Rmivi, ■ ■ ■ , l/n] by declaring that each is of 

degree 1 and each w E Sn is of degree 0. 



1, if ii = ■ ■ ■ = in = m — 1 and w = 1, 
0, otherwise. 



2.6. Lemma ( [BKl], Lemma Al). Let f : R^lvi, ■ . ■ ,?/„,] 0)-RS'„ R be the R-linear map defined by 

Then f is a non- degenerate trace form on Rm[yi, . . . , yn]0-R>S'„. 

Now let I = {m — l)n and define a filtration 

RSn = J'O'^ ^ J-iJif C ■ ■ ■ C J-iM' = Jif 

of Jif by defining that 

TrJ^ '■= Span^{a;*^^X2^ ■ ■ ■ + ■ ■ ■ + in < r,w E Sn}- 

For any < z < /, let 

gr- ^ 

be the map sending an element of to its degree % graded component. 
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2.7. Lemma ( [BKl], Lemma 3.5). There is a well defined isomorphism of graded algebras 

Ipn ■ RmiVl, ■ ■ ■ , Vn] (S>RSn 

such that Hi i— )■ gr^^Xj for each i and sj i— gr^sj for each j . 

The following surprising theorem says that Jif is a symmetric algebra for all parameters gi, . . . , g^, 
in R, Theorem 6.4 gives a different proof on the non-degeneration of the trace form r on Jif. 

2.8. Theorem ( [BKl], Theorem A2). Let r : Jif R be the R-linear map determined by 

, j ^ ( 1, if ii = ■ ■ ■ = in = m — 1 and w = 1, 

^ ^ ^ ' 1 U, otherwise. 

Then r = f o gr^, which is a non- degenerate trace form on M' . 

2.9. Note that r is essentially independent of the choice of basis of M' . We will need the following 
easy verified facts. 

(i) Suppose that /ii,/i2 G M' . Then T{h\h2) = {h2hi). 

(ii) Suppose that w,v E Sn and that < -ii, . . . , i„ < m. Then 



1, if Zi = ■ ■ ■ = z„ = m — 1 and w = v ^, 
0, otherwise. 



2.10. Assumption. In this paper we will mainly be concerned with the semi-simple degenerate cyclo- 
tomic Hecke algebras; these were classified by Ariki-Mathas-Rui [AMR, Theorem 6.11] who showed 
that when i? is a field Jif is semisimple if and only if 

PAQ)=n\ n n(^+^^-^^)^o- 

For most of what we do it will be enough to assume that i? is a ring in which P.%-{Q) is invertible. 



3. A ORTHOGONAL BASIS OF THE DEGENERATE CYCLOTOMIC HECKE ALGEBRA 

In this section, we review the cellular basis and Specht modules of the degenerate cyclotomic Hecke 
algebra Using the cellular basis, we first give the "Young's seminorma form" for Specht modules 
(Theorem 3.15), which enables us to give a orthogonal bases of Specht modules (Corollary 3.16) and a 
orthogonal bases and primitive idempotents of J^ (Theorems 3.20 and 3.27). Furthermore, we obtain 
a closed formula for the natural bilinear form on Specht modules, which answer a question of Ariki, 
Mathas and Rui [AMR, §6.9], and give a differential proof of the Brundan-Kleshchev isomorphism 
between the cyclotomic Hecke algebras and the degenerate ones in [BK2, Corollary 1.3] when these 
algebras are semi-simple. 

3.1. Definition (Graham and Lehrer [GL96]). Let A an i?-algebra. Fix a partially ordered set 
A = (A, >) and for each A G A let T( A) be a finite set. Finally, fix C^^_ e A for all A e A and 
s, t G T(A). Then the triple (A, T, C) is a cell datum for A if: 

(i) {C^^\\ G A and s, t G r(A)} is an i?-basis for A; 

(ii) the i?-linear map * : A A determined by {C^^* = C^, for all A G A, s, t G r(A) is an 
anti-automorphism of A; 

(iii) for all A G A, 5 G T(A) and a E A there exist scalars rsu(a) G R such that 

aC^, = ^MC^ (mod A^^), 
uer{A) 

where A^^ = Span^{C^J/i > A and a, b G T(/i)}. 

An algebra A is a cellular algebra if it has a cell datum and in this case we call {C^tl^? ^ ^ ^(^)) ^ G A} 
a cellular basis of A. 
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3.2. Recall that an m-multipartition of n is a ordered m-tuple A = (A^; . . . ; A™") of partitions A* such 
that n = YllLi l-^N- Denote by J^{m,n) the set of all m-multipartitions of n, which is a poset under 
dominance >, where A > /i, if 



k=l 



1=1 



1=1 k=l 

for all 1 < z < m and j > 1. We write A > yU if A > /i and \^ [i. 

Suppose that A is an m-multipartition of n and let m = {1, . . . , m}. The diagram of A is the set 

[A] := {(2,J,c) G Z>o X Z>o X m|l < J < A^. 

The elements of [A] are the nodes of A; more generally, a node is any element of Z>o x Z>o x m. We 
may and will identify [A] with the m-tuple of diagrams of the partitions A'^, for 1 < c < m. Recall that 
a node y ^ [A] is an addable node for A if [A] U {y} is the diagram of an m-multipartition, and denote 
by ^ (A) the set of all addable nodes for A; similarly, y G [A] is a removable node for A if [A] \ {y} is 
the diagram of an m-multipartition, and denote by ^(A) the set of all removable nodes for A. 

A X-tableau is a bijection t : [A] — )■ {1, 2, . . . , n}, and if t is a A-tableau write Shape(t) = A. As with 
diagrams, we may and will think of a tableau t as an m-tuple of tableaux t = (t^; . . . ; f"), where t'^ is 
a A'^-tableau, for 1 < c < m. The tableaux i'^ are called the components of t. A tableau is standard if 
in each component the entries increase along the rows and down the columns; let Std(A) be the set of 
standard A-tableaux. 

Given an m-multipartition A let t'*' be the A-tableau with the numbers 1,2,. . . ,n entered in order 
first along the rows of t'^ and then the rows of t'^ and so on. The symmetric group Sn acts from the 
right on the set of A-tableaux; let S\ = Sx^ x ■ ■ ■ x Sxm be the row stabilizer of t'^. For any A-tableau 
t let d{t) be the unique element of Sn such that t = t^d{t) and denote by i{t) the length of d{t). 

3.3. Example. Let A=(3-2; 2- 1; 1) be a 3-multipartition of 9. Then 5'a=5'{i^2,3}x5'{4_5}x5'{6,7}x5'{8}x5'{9}, 



^(A): 






1 


2 


3 . 




6 


7 . 


9 
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4 


5 


1 


8 


1 
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+ 
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o!(l)=(l,2, 4,3, 6,7,8,9), 



where |~] (resp., + ) means the node is removable (resp., addable) and 5'{i^2,3} is the symmetric group 
on letters 1,2,3 and so on. 



Let < be the Bruhat order on Sn- The following fact was first proved by Ehresmann and then 
rediscovered by Dipper and James [DJ86], see for example, [M99, Theorem 3.8]. 

3.4. Lemma (Ehresmann Theorem). Suppose that s and t are standard tableaux of the same shape. 
Then d{s) < d{t) if and only if s > t. 

3.5. Let * be the i?-linear anti-automorphism of determined by x* = Xi for all 1 < i < n, s* = sj 
for all 1 < j < n — 1. Then w* = for all w E Sn and f* = f for all / G R[xi, . . . , Xn] C J^. 

3.6. Definition. Suppose that A = (A^; . . . ; A™) is an m-multipartition of n and define = X]j=i I A"' I 
for 1 < i < m with ai = 0. Let m\ = Xxul^, where 

m ai 

xx-= ^ w and := J]^ ]^(a;fc - qi). 

weSx j=2 k=l 

Finally, given standard A-tableaux s and t let m^t = d{s)*mxd{t). 

It follows from Lemma 2.3(v) that all of elements in RSx commute with u1^, in particular, mx = 
xxu\ = u\xx- Observe that mx = m^x^x and m*j = mt^ for standard A-tableaux s and t. Whenever we 
write nisi in what follows s and t will be standard tableaux of the same shape (and similarly, for /^t 
etc.). 



CYCLOTOMIC HECKE ALGEBRAS 



6 



3.7. Theorem ( [AMR], THEOREM 6.3). The degenerate cyclotomic Hecke algebra M' is free as an 
R-module with cellular basis {msi\s,t G Std(A) for X an m-multipartition ofn}. 

If t is any tableau and > is an integer, let 1 1 k be the subtableau of t which contains the 
integers 1, . . . ,k. Observe that t is standard if and only if Shape(tJ,fc) is an m-multipartition for all 
k = 1, . . . ,n. We extend the dominance order > on the set of m-multipartitions to the set of standard 
tableaux by defining s > t if Shape(sJ,/c) > Shape(t|/c) for all k = 1, . . . ,n; and write s > t if s > t and 
s 7^ t. Define the residue of /c in t to be rest(A;) = j — i + Qc ii k appears in node {i,j, c) G t. 

3.8. Lemma (cf. [M99], Lemma 3.34). Assume that R is a field and that Assumption 2.10 holds. 
Suppose that A and /i are m-multipartition ofn and let s G Std(A) an t G Std(/i). 

(i) s = t (and \ = ji) if and only z/resg(fc) = rest(A;) for k = 1, . . . ,n. 

(ii) Suppose that X = n and there exists an i such that TeSs{k) = rest(A;) for all k ^ i,i + 1. Then 
either s = t or s = t(z, i + 1). 

Proof. Note that the nodes of s and t containing entry n are removable nodes, which have distinct 
residues if they are distinct nodes. Then both parts of Lemma follow by using the induction argument 
on n. □ 

The Lemma says that when Assumption 2.10 holds the residues separate the standard tableaux; this 
enables us to give the orthogonal basis of degenerate cyclotomic Hecke algebras and Specht modules. 
Notice that both parts of the Lemma can be fail if the assumption does not hold. 

If A is an m-multipartition then let J^"^^ be the free i?-submodule of J^" with basis {m^tls, t G 
Std(/i) for fi > A}. It follows from Theorem 3.7 and 3.1(iii) that Jif^^ is a two-sided ideal of J^. 

3.9. Definition. The Specht module is the left ^^-module Jifmx/{J^mx H J^^^), which is a 
submodule of Jif/Jif'^^. 

Theorem 3.7 implies that 5''*' is a free i?-module with basis {mt|t G Std(A)}, where mt = rrii^x+J^^^. 
Further, by the general theory of cellular algebras, there is a natural associative bilinear form ( , ) on 
5'''^ which is determined by either 

(m^, mt)mA = mtAgm^^Amod or {ms,mi)mab = rnaBmn,m.odJif^^, for a, b,s, t G Std(A). 

Now we begin to determine the "Young seminorm form" for Specht modules. Our start point is the 
following fact. 

3.10. Lemma (cf. [M99], Lemma 3.29). Let A be an m-multipartition ofn and let s and i be standard 
\-tableaux such that s > I = s(i, i + 1) for some i with 1 < i < n. For k = 1, . . . ,n, suppose that there 
exist elements r^[k) G R such that 



Xk'iTT's = Ts{k)ms + Tam^ for some Va G R. 



Then for k = 1, . . . ,n, there exist elements r^, E R such that 

Xunii = ri{k)mi + y^r^mt,, 

where Viik) = r^{k) if k ^ i,i + 1, Tiii) = r^{i + 1) and rt(i + 1) = r^{i). 

Proof. First note that mt = s^m^ because sOt which implies that £(s) < £(t) by Lemma 3.4. Therefore, 
by Lemma 2.3(ii), ii k ^ i,i -\- 1 then 

XkiTii = XkSim^ = SiXkm^ = r^{k)mi + y^r„mn. 

Next suppose that k = i + 1. Then using the first equality of Lemma 2.3 (ii) 

Xi+imt = Xi+iSim^ = (1 + SiXi)ms = rs(i)mt + ^rbm^. 

fa>t 

The case k = i is similar to the case k = i -\- 1 hj using the second equality of Lemma 2.3(ii). Finally, 
equating the coefficients of these formulae, we complete the proof. □ 
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3.11. Theorem ( [AMR], LEMMA 6.6). Suppose that A is an m-multipartition of n and that s and 
i are standard X-tableaux. Suppose that k is an integer with 1 < k < n. Then there exist E R such 
that 



Proof. Note that msid{t)* = m^ix for any standard tableaux s and t, we only need to show (ii). First 
consider the case where s = t'^, then = mx + Jif^^. Suppose that k appears in node {i,j,c) e s 
and that / is the smallest integer appears in component t'^'^. Then / < k. Working modulo J^^^ and 
using Lemma 2.3 (ii), (iv), we obtain that 

Xkm^x = Xkmx = Sk-imx + Sk-iXk-iSk-mx 

= Sk-mx + Sfe„i(sfc_2 H h Sk-2 ■ ■ ■ sr ■ ■ Sk-2)sk~imx + Sk-i ■ ■ ■ si^iXi^iSi^i ■ ■ ■ Sk-imx 

= {sk-i + qc)mx + Sk-i{sk-2 H h Sk-2 ■ ■ ■ Sz-i ■ ■ ■ Sk-2)sk-imx + h, 

where h = Sk-i ■ ■ ■ - gjsi-i ■ ■ ■ Sk-inix = Sk-i ■ ■ ■ Si_i{xi_i - qc)ulsi_i ■ ■ ■ Sk^iXx E J^^^. 

Therefore 

XfcmtA = + qc)mx + Sk-i{sk-2 H h Sk-2 ■ ■ ■ Si-i ■ ■ ■ Sk~2)sk-imx mod J^^^. 

So it is sufficient to show that, for A; = 1, . . . , n, 

(*) Sk-imx + Sk-i {sk-2 H \- Sk-2 ■ ■ ■ si-i ■ ■ ■ Sk-2)sk-imx = (res^A (k) - qc)mx = (j - i)mx. 

When n = 1 there is nothing to prove so by induction we assume that (*) holds for all smaller 
integers of n. We now proceed by induction on k. The case k = 1 being trivial because {xi — 
qc)mx = and leSiX^k) = qc- Suppose first that A^^.^ 7^ 0. Let fi'^ = {XI, . . . , X^) and /i = 
(A^; ■ ■ ■ ; A'^"^; fi'^; A'^"^^; . . . ; A*"). Then a = \fi\ < n and mx = m^h + Jif^^ for some element h of 
the subalgebra of RSx generate by Sk+i, . . . , Sa-i- Furthermore, x^m^ G J^m,aiQ) and h,Xk commute 
by Lemma 2.3(ii). Hence working modulo and arguing by induction on n, 

Xkm,^\ = Xkm^h = ieSiti.{k)m^h = ies^\{k)mx- 

Thus we may assume that k is in the last row of the c-component of t'^. 

Next suppose that k is not in the first column of t'^'' and that we have known the result for small k. 
Then k > 1 and Sk-i is an element of S'a^, so Sk-imx = mx and therefore, by induction on k, 



This reduces us to the case that k appears in the last row and the first column of t . Thus we can 
assume that k = ac+i = ^^Li I'^^l and that A*^ = (A^', . . . , A^_]^, 1). Let p be the integer appears in the 
node — 1, 1, c) and let u be the standard A-tableau t'^Sa^^j_i . . . Sp+i. Then the second last row of u 
contains the integers p,p + 2, . . . , Oc+i and the last row of u contains the single integer p + 1. 

So far we have shown that Xkm^x = res^A = les^^ {k)mx for (ic < k < Oc+i. We also know that 
(xq^+i + ■ ■ ■ + Xa^j^i)mx = rmx for some r E R since Xa^^i + ■ • ■ + a^a^+i belongs to the center of J^. 
Consequently, Xa^^-^mx = rjrix for some E R. Therefore, by Lemma 3.10 





R such that 




Xkmx = {sk-i + Sk-iXk-iSk-i)mx = (1 + TeSi^{k - l))mx. 




Now, by induction, we have 



Xp^im^ 



(1 ~l~ SpXp^SpTTLc, 




a 



(reStA(p) - l)ms + ^ r'^ 



a 
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Consequently, = restA(ac+i) as required. The general case follows by Lemma 3.10 and induction 
argument on i{5). □ 

3.12. Remark, (i) If u is a standard tableau and reSu(A;) 7^ Tes^^k) for some integer 1 < k < n, then 

Xk - reSu(A;) 

— TTT'^si = m,t+ y r„f,m„f, for some r„b G R- 

res^(/c) -reSu(A;) 

(ii) Apply the *-anti-automorphism, we get that 

f^si^k = rest(/c)mgt + ^^rnm^n mod ^^"^ for some G -R. 

al>t 

Let TZik) be the complete set of possible residues rest(A;) as t runs over the set of all standard 
tableaux. Note that the residues in TZ{k) are all distinct. 

3.13. Definition ( [AMR, DEFINITION 6.7]). Suppose that A is an m-multipartition of n and that 
5 and t are standard A-tableaux. 

n 

(i) Let := n \{ ■ 

rest K — c 

fc=l n(k)Bc^rcst{k) ^ ^ 

(ii) Let fsi := F^nistFi. 

Note that all of the factors in Ft commute so there are no need to specify an order of the terms 
in the product. The elements Fi are defined for any choice of field R, regardless of whether or not 
Assumption 2.10 holds. 

Extend the dominance order to the pairs of standard tableaux by defining (s, t) > (a, b) if s > a and 
t > b, and write (s, t) > (a, b) if (s, t) > (a, b) and (s, t) 7^ (a, b). 

3.14. Proposition. Assume that Assumption 2.10 holds and that A is an m-multipartion of n. Suppose 
that 5 and i are standard X-tableaux. 

(i) fst = mst+ ^ r^hniab for some r„(, e R; 

(o,b)>(s,t) 

(ii) If u is a standard \-tableau, then F^fsi = ^su/at o,nd /st-Fu = ^tu/at/ 

(iii) If k is an integer with 1 < k < n, then Xkfsi = reSs(/c)/3t- 

(iv) // a and b are standard X-tableaux, then fstfab = ^aififsb for some rt G R. 

Proof, (i) follows directly from Theorem 3.11(i), Remark 3.12, and Definition 3.13. Indeed, we have 

fst = F^m^iFi 



n n 

reSs(A;) — c ' 



fe=i 7^(fc)^c7^I■ost(fe) 



n 



Xk - C 



m.t + E-"-"^jn n res,(fc)_, 

(a,b)>(s,t) 

(ii) and (iii) can be proved by using a variation argument of the proof of [M99, Proposition 3.35]. For 
the convenient of the reader especially for myself, we contain the proof. By (i) /^t = mst+ ^'ob^^ob 

(a,b)>(s,t) 

for some G R. First suppose that u is a standard A-tableau such that u > 5, by Lemma 3.8(ii), 
there exists an integer ki such that resu(/ci) 7^ reSg(A;i). Then Xk^ — resu(/ci) is a factor of F^, so 
FuTrisi = X]b>s '"b'^bi for some r[, G i? by Theorem 3.11(i). Extended the dominance order > to the 
total order > on the set of all standard A-tableaux, and chose C2 with respect to > with 7^ 0. Then 
C2 > s and, as before, there exists an integer k2 such that resc2(fci) 7^ ress(/c2)- Therefore F'^m^i = 
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X]ci>b>s "^ct- Continuing in this way shows that F^m^i = whenever u l> s, where N = J2x |Std(A)|. 
So Fj^fsi = Susfsi- Similarly, f^iF^ = 5tu/st by using Remark 3.12(ii). 

Next let At = /,tFt. Then 

XkU = xuF^UF, = F^ixM 

= F^{Tes,{k)f,i + ^ r^m.i) 

Hence, -Fs/st = fst- Furthermore, if u 7^ s then, by Lemma 3.8(ii), there exists an integer k such that 
resu(/c) 7^ Tess{k). So (xfc — resu(fc))/si = and F^fsi = because Xk — reSu(A;) is a factor of F^. 

Finally, note that there exist E R such that m^t = fsi + rafai- So /^t = F^m^iFi = F^{f^i+rafai)Fi = 
/st- Thus (ii) and (iii) are proved, 
(iv) By definition and (iii), 

fstfab = FsTTlstFifab = ^at-FsWljtW^tfa-^b = ^atF^ i ^7X1^^ + ^ ms/f,/ j F^ = SaiTifsb- 



(s',b')>(s,fa) 



Now the "Young's seminormal form" for Specht modules can be given as follows. 



□ 



3.15. Proposition. Suppose that X is a multipartition of n and that s and u are standard X-tableaux. 
Let t = s{i, i + 1) for some integer i with 1 < i < n. 

(i) If t is standard then 
1 



..X ..r/eu + /tu, ifs>t, 

f _ I rest(z) — ress(2) 

~ \ 1 (rest(z) - res3(i) - l)(rest(z) - res3(z) + 1) 

rest(^j — ress(zj (,rest(«j — Te?>s[})) 

(ii) // 1 is not standard then 

/su, if i and i + 1 are in the same row of s, 

'fsu, i'f i o-nd 2 + 1 are in the same column of s. 



^ifsi 



Proof. By Theorem 3.7 and Proposition 3.14(i), {fsu} is a basis of J^, so Sj/^u = J2ab^abfab for some 
Tab € R. By Proposition 3.14(ii), /ab-Fu = (^bu/nu- Therefore, multiplying the equation for Sj/^u on 
the right by Fu shows that rob = whenever a 7^ u; in particular. Tab = if Shape(b) 7^ A. Hence, 
Si fsu = J2a^afau, for some Ta G R, where a runs over the set of standard A-tableaux. 

Suppose that k is an integer such that k 7^ i,i + l. Then, by Lemma 2.3(ii) and Proposition 3.14(iii), 

XkSifsu ~ SiXkfsu ~ reS5(/c)Sj/5u = leSgi^k) ^ ^ l^afaui 

oestd(A) 

On the other hand, by Proposition 3.14(iii), we have 

Xk^ifsu ^ ^ ^a-^kfau ^ ^ '^a^^^ai^) fau- 

a6Std(A) aGStd(A) 

Equating coefficients, raress{k) = rareSa{k) for all /c 7^ i,i + l, a G Std(A). Therefore, by Lemma 3.8(ii), 
Ta = unless either a = s or a = t and t is standard. 

Suppose that t is not standard . Then we have shown Sj/^u = r^fsu for some G R. By Proposi- 
tion 3.14(i), = m^u + J2{ab)>{su)^ai'fab some Tab G R. Because t is not standard, either i and 
2 + 1 are in the same row of t or they are in the column. In the first case, by [DJ86, Lemma l.l(iv)]. 
Si G Sn n Sx and d{s) = Sid{s)si. Therefore s^mju = Sid{s)*mxd{u) = d^sYxxWld^u) = m^u- 

In the second case, there is a unique standard tableau c such that t = s{i,i + 1) = csjw for some 
j and w E Sn with £(t) = £{c) + 1 + i{w), and if b is any (standard) tableau with b > csj then 
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b \> c. By construction, s = c{sjWSi) and £(s) = i{c) + i{w). Therefore i{w) = £{sjWSi). Similarly, 
i{wsi) = i{w) + 1 = i{sjw). Therefore w = SjWSi, 

Sirrisu = Sid{symxd{u) = w* Sjd{cymxd{u) = w*m^s., and 
m^sju = m,sjixd{uy = -m„^u - ^"^bu mod J^f^^. 



Therefore 



u — SiW*Sjmin^ + h for some h G Jifm^Jif and fi> \ 

faOc 

= — Sjif *(i(c)*mtAu — SiW*Sjd{bymiXu + h 

So Sifsu = —fsu in the second case. 

Now suppose that t = s{i,i + 1) is standard, we have shown that Sif^u = r^f^u. + '^t/tu for some 
r5,rt G R. First suppose that s > t. Then Sim^u = mju for any u G Std(A) since d{t) = d{s)si. 
Therefore 

Si fsu = Si{msu + ^ r„(,/„b) for some r^t, G R 

(a,fa)>(s,u) 
(a,b)l>(s,u) 

= m,+ 5^ r„b/„b. 

(a,b)l>(t,u) 

Hence rt = 1, that is, Sifsu = r^fm + /tu- Now, by Lemma 2.3(ii), we get 

Xi+i{siU) = r^Xj+i/su + Xi+ifiu = r^res^{i + l)f,^ + rest(z + l)/tu, and 
ix^+iSi)fsu = s^Xif,^ + = {r^TeSs{i) + l)/^^ + ress(i)/tu. 

Note that reSg(i) = rest(2 + 1) and reSg(i + 1) = rest(i), we yield that = j.cst(i)~rcs.(i) ■ 

Suppose that t > s. Then 1 1> i + 1) = 5 and Sj/tu = '^^^^(jp^^^^ fiu + fsu by the same argument 
as above. Thus 

fsu = sffsu = Si{rsfgu. + rifiu) = (r^ + rt)/0u + ri(rg -— 7TT-)/tu! 

rest(«) — ress(2) 

1 , (rest(z) -res5(z) - l)(rest(i) -ress(z) + 1) ^ 
which implies that = — and rt = — — -r . □ 

rest(z) — ress[i) (rest(z) — reSs(z))"' 

Our next step is to construct an orthogonal basis of Specht modules with respect to the bilinear 
form ( ). For each standard A-tableau s let = f^ix + J^^^. We have the following facts. 

3.16. Corollary. Assume that Assumption 2.10 holds. Suppose that A is an m-multipartition of n. 

(i) Suppose that i is a standard X-tableau. 

(a) There exist E R such that fi = mi + X]s>t'"s'^s- 

(b) Suppose that k is an integer with 1 < k < n. Then x^fi = rest(/c)/t. 

(c) Suppose that s is a standard \-tahleau. Then F^fi = S^ifi. 

(ii) Suppose that s and t are standard X-tableaux. 

(a) If 3 = t(z, i + l)>i then f\ = {si - a)f„ where a = rest(i)-res,(i) • 

(b) (/s, fi) = SsiVi for some n G R. 

(c) {/s|s G Std(A)} is an orthogonal basis of the Specht module S''^. 

Proof, (i) follows directly by Proposition 3.14. Theorem 3.15(i) implies (ii.a). Now, by Proposi- 
tion 3.14(i) and (iv), (ii.b) is proved, (ii.c) is proved by using Theorem 3.7 and Proposition 3.14(i) 
and (iv). □ 
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The inner products {f^, /t), for s, t G Std(A) will be computed explicitly (as rational functions) in the 
following. To describe this we need some more notation. Given two nodes x = k) and y = (a, b, c), 
write y -< X, if either c < k, or c = k and b > j. 

Suppose that A is an m-multipartition of n and that s be a standard A-tableau. Then for each 
integer i with 1 < i < n there is a unique node x G [A] such that s{x) = i. Let £/s{i) be the set of 
addable nodes for the m-multipartition Shape (s 4 i) which are strictly greater than x (with respect 
to -<); similarly, let =^5(2) be the set of removable nodes which are strictly greater than x for the 
m-multipartition Shape(sJ,z — 1). If y = {i,j,s) is either an addable or a removable node, then we 
define its residue to be res(?/) = j — i + Qs- Finally, if A is an m-multipartition let A! = H^i Y[i>i 

3.17. Example. Let A = (3-1; 1). Theni^tA(l) = {(1, 1, 2)}, ^tA(l) = {0}; ^tA(2) = {(2, 1, 1), (1, 1, 2)}, 
^tA(2) = {(1,1,1)}; i2<A(3) = {(2,l,l),(l,l,2)},^tA(3) = {(l,2,l)}; ^^^(4) = {(1, 1, 2)}, ^^^(4) = {0}; 
^^^{5) = {0} = ^^x{5). It follows directly that 

n Ti — 7~\ r\\ = + qi- q2){qi - g2)(i + gi - g2)(2 + gi - 52), 

tl nj;G,-^^,(i)(restA(^) -res(i/)) 
which equals exactly to = {f^\, f^\) determined by Theorem 3.18(ii.a). 

Now we can give a closed formula of 7t := {ft, ft) for any m-multipartition A of n and any standard 
A-tableau t. For a moment, we write i = (a, b,c) G t if the integer i with 1 < i < n appears in the 
unique node (a, b, c) of [A] such that t(a, b, c) = i. 

3.18. Theorem. Assume that Assumption 2.10 holds. Suppose that A is an m-multipartition of n. 

(i) Suppose that t is a standard X-tableau. Then 7t is uniquely determined by the two conditions 
(a) 7tA = A! Yl n (-^ ~ ^ + ~ 

l<s<f<m (i,j)G[A»] 

/, X ^ ,. . , (rest(i) — resa(«) + l)(rest(«) — res5(i) — 1) 

b z/s = t z, z + 1 > t then 7t = \ ; r^^2 — 

(rest(z) — ress(z))^ 

TT nxG£4(i)(^^^s(^) — res(x)) 

(ii) Let 5 be a standard X-tableau. Then 7is = I I — ; 

fin,e^.«(res.(^)-res(|/)) 

Proof, (i.a) By definition, 

m at 

ZtA/tA = {FtxmxFtx){FtxmxFtx) = nixnix = A! JJ JJ(a;fc - qi)mx 

t=2 k=l 

m at 

= A! J]^ ]^(restA (A;) - qt)mx 

i=2 k=l 



A! JJ JJ U - i + qs- qt)mx 



t=2 s<t 

(ij)e[A1 

= 7t"^A• 

So (ii.a) is proved. 

Suppose that s = t(z, i + l)\>i and let a = res, (i) -res, (i) - ^PPlyi^g Corollary 3.16(ii), ft = {si - a)fs, 
moreover {sif^, f^) = a% and (sj/s, Sifs) = % since (/s, ft) = 0. Thus 

7t = (si/s, Si/j) - 2a(s,/s, Z^) a\ = (1 - 0"^)%. 

So (i.b) is proved. 

(ii) We proceed by induction on £(5) for standard A-tableaux s. First, let s = and assume that 
the integer i = {a,b,c) with 1 < i < n, that is ac < i < flc+i. First consider the contribution 
that the addable and removable nodes in [A*^] make to t'^. By definition, these nodes occur in pairs 
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(x, y) = ((a + 1, 1, c), (a, 6 — 1, c). Therefore 

nx6^^,(»)n[A^](^eStA(i) - res(x)) ^ ^ nxg^^,(.)n[A^](^eStA(2) - res(x)) ^ ^^^^ 

n,e.^,,(i)n[Ac](^^est.(^) - res(y)) ~ '''' a.+ilk.+i n,e-^^,wn[A=](restA(2) - res(y)) ~ 

Next, consider the contribution that addable and removable nodes in some t-component of [A] with 
t > c (there are no such node for t < c). In this case, we have =!2^a(z) = {(1, 1, c + 1), ■ ■ ■ , (1, 1, m)} 
and ^i>.{i) = {0}. Therefore 

n..^^,(.)\[Al(^eSt.(0-res(x)) - 
II rf ? ^^ TTT = II [[{j-^ + Qc-qt}- 



Hence 



fr n.g,c/,,(.)(restA(z)-res(x)) 

iirf fresAm-resM) ^ (j - z + - g*) = 7t- 

Now assume that t'^ > s and there exists an integer k with 1 < k < n such that = 5{k, k + 1). let 
= — TTTT^^ TT\ and let 

^.^ T-r n.6^.(o(reSa(z)-res(3:)) ■= TT nx6^^,(o(j^estA(2) - res(x)) 

Jl^, n,e^,«(^^^^(^) - ^^^(^)) '''' ' J,L ^,.^,,(i)(rest.(^) - res(2/)) ' 

Since = ^a(z) and ■^s(z) = for all i ^ k,k+ 1. Therefore, by (ii.b) and Assumption 2.10, 

we only need to show that L = (a^ — 1)R. 

Note that either both k and /c + 1 appear in the same component of s, say the c-component of s, or k 
and k + 1 appear in the different components of s. In the first case, we have that ac < k, k + 1 < flc+i? 
moreover, k = (a + 1, 1, c) G s and k + 1 = {a, AJ^, c) G s for some a with A^ > 1 and a < i{X'^). Now 
by definition, 

= {(i,i,c+i),...,(i,i,m)}, M,{k) = m; 

+ 1) = {(a + l,2,c),(a + 2,l,c),(l,l,c+l),...,(l,l,m)}, 
^,{k + 1) = {(a + 1, 1, c), (a, A:^ - 1, c)}. 
On the other hand, since k = (a, A^, c) G and A; = (a + 1, 1, c) G t'^, 

= {(a + l,l,c),(l,l,c+l),...,(l,l,m)}, M,.{k) = {{a, - l,c)}; 
£/,x{k + l) = {(l,l,c+l),...,(l,l,m)}, M,ik + 1) = {0}. 

Hence a — 1 = ^ r^.Li and 



c\2 



X 



^ m— c 

- JJ (-a + gc - gc+i)(A;^ - a + gc - gc+j), 



a 



^ = n + ~ 9c+i)(A;^ - a + gc - gc+j). 

It follows directly that L = (a^ — 1)/?. 

In the second case, clearly k = Cc+i for some c with 1 < c < m. Therefore + 1 = (a, A^, c) G s 
where a = ^(A'^) and k = {1,1, d) G s where d = min{m > d > c \ X'^ Then ress(/c) = g^, 

res5(fc + 1) = A^ — a + gc = TeSi\{k), and 

= {(l,l,rf+l),...,(l,l,m)}, ^,{k) = m; 

+ 1) = {(a + l,l,c),(l,l,c+l),...,(l,l,rf-l),(l,2,rf),(2,l,rf),(l,l,rf+l),...,(l,l,m)}, 

^,(A; + l) = {(a, A:-l,c),(l,l,d)}. 

On the other hand, since k = [a, A^, c) G t'^ and k = (1, 1, rf) G t'^, 

Ma(A;) = {(a + 1, 1, c), (1, 1, c + 1), . . . , (1, 1, m)}, M,.{k) = {{a, X^ - 1, c)}; 

^tA(A; + l) = {(l,l,d+l),...,(l,l,m)}, ^,{k + l) = {0}. 
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Therefore 



a 



2 



Al-a + qc-qd 

m—d m—d 

R = KW{K-(^ + qc~ qd+j) W (qd - qd+j)- 

j=0 j=l 

It follows directly that L = (a^ — 1)R and we complete the proof by induction argument. □ 

3.19. Remark. The assertion (i) has given in [AMR, LEMMA 6.10] with a skeleton outline of proof. 
The assertion (ii) answers a question of Ariki-Mathas-Rui [AMR, §6.9]. 

Let (, ) be the inner product on ^ given by {hi,h2) = rijiih^), for /ii,/i2 G ■ It follows form 
Theorem 2.8 and §3.5 that the trace form r satisfying that r(/i) = T{h*) for all h G M'. Therefore ( , ) 
is a symmetric bilinear form on . Furthermore, ( , ) is associative in the sense that {ah, c) = (a, ch*) 
for all a,b,c E J^. 

3.20. Theorem ( [AMR], PROPOSITION 6.8). Assume that Assumption 2.10 holds. 

(i) If5,t,a and b are standard tableaux then fstfab = ^ailtfsb- 

(ii) {/st|s,t G Std(A), A G ^{m,n)} is a orthogonal basis of with respect to the trace form t. 



Proof. By proposition 3.14(iv), fsifab = ^aif^lbfsb for some r*j, G R. So we only need to show that 
r*;, = 7t for all standard tableaux s,b. Note that /t = /^a + J^^^ and 7t = {ft, ft)- Therefore, 
the inner product (, ) on the Specht module S"^ gives 'jim\ = {ft, ft/mx = ft^tfa^ mod J^^^. Hence 
finfn^ = liftH^ since ft^t^ = mx- Thus 

fstfab = 5at^sC?(s)*mtAtFtFtmttArf(t)F[, 
= 6,tF,d{srftHfti^d{i)F, 
= Sai'yiF,d{s)*mxd{b)Fi, 

= 5at7t/sb- 

(i) is proved. 

By Theorem 3.7 and Proposition 3.14(i), {/^tla, t G Std(A),A G ^(m, ra)} is a basis of Jif. Now, 
by (i), {fst, fab) = '^{fstfab) = r(/st/ba) = StbJtT{fsa)- On the other hand, r is a trace form, so we also 
have that r(/st/t,„) = r(/b„/st) = Sa^-f,T{fbt)- Thus {fst, fab) = 5tb7tr(/sa) = 5as7s^(/bt) = 5tb'5as7ti"(/tt)- 
Consequently, {fst\s,i G Std(A) for A G ^{m,n)} is a orthogonal basis of Jif with respect to the 
trace form r and r(/tt) 7^ for all standard tableaux t. Indeed, if there is a standard tableau t such 
that r(/tt) = 0. Then 7tr(/tt) = '^s'T{fss) and 7t 7^ implies that rj^^ = for all standard tableau s 
since 7^ 7^ for all standard tableaux s. It is impossible since r is non-degenerate. We complete the 
proof. □ 

3.21. Remark. In [BKl, Theorem A2] it was shown that M' is a symmetric algebra with respect to the 
trace form r for all parameters qi, . . . , qm] however, this was proved indirectly without constructing a 
pair of dual bases. The Theorem gives a self-dual basis of the semisimple degenerate cyclotomic Hecke 
algebras. In general, no such basis is known in general. 

Now we may identify the Specht module S''*' with a submodule of up to isomorphism. 

3.22. Corollary. Suppose that s and t be standard \-tableaux. Then = M' f^t = J2a€Std(x) ^fat- 

Proof. The Theorem implies thatj/ot | a G Std(A)} is a basis of J^fst- On the other hand, by §3.9 
and Proposition 3.14(i), {fa \ a G Std(A)} is a basis of the Specht module S^. Now the _R-linear map 
fa ^ fat gives the desired isomorphism. □ 
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Let ^(A) = det((mg, mt)), for s, t G Std(A), be the Gram determinant of this form, which is well- 
defined up to a unit in R. As an application of the closed formula for 7^, we obtain a closed formula for 
the Gram determinant, which is differential but equivalent to that one given in [AMR, COROLLARY 
6.9]. 

3.23. Corollary. Suppose that R is afield and that Assumption 2.10 holds. Let X be an m-multipartition 
of n. Then 

Am Am fi n,e^,«(rest(z) - res(i/)) 

Proof. Fix t G Std(A). Then Specht module is isomorphic to the submodule of / M'^^ which is 
spanned by {m^t + •^'^^\5 G Std(A)}, where the isomorphism is given by 9 : Jif/J^^^ — t- S^\m^i + 
^^'^ I— J- m^. On the other hand, by Corollary 3.16(ii.c) and (i.a), {/s|s G Std(A)} is a basis of 5''^ and 
the transition matrix between the two bases {m^} and {/s} of is unitriangular. Consequently, ^(A) = 
det ((/s,/t)), where s, t G Std(A). However, it follows from Theorem 3.20(i) and Corollary 3.16(ii.b) 
that (/s, /t) = 5st7t. Hence the result follows directly by Theorem 3.18(ii). □ 

Set fsi = 7t~^/st- Then f^tfab = ^ta/sb and {fsi} is a basis of Jf. Hence, we have the following. 

3.24. Corollary. Assume that Assumption 2.10 holds. Then {/st|s,t G Std(A) for A G ^(m, ra)} is a 
bases of matrix units in M' . 

The last result yields an explicit isomorphism from ^ to the group ring of Wm,n when P,^{ff) is 
invertible. Assume that R contains a primitive m-th root of unity then, ^ = RWm,n when = 
for s = 1, . . . ,m. Write f^^ for the element of RWm,n corresponding to f^x G under the canonical 
isomorphism ^ — )■ RGWm,n- 

3.25. Corollary. Assume that R contains a primitive m-th root of unity and that Assumption 2.10 
holds. Then = RWm,n via the R-algebra homomorphism determined by f^i ^ fl^. 

By parts (i) and (iii) of Theorem 3.27 below, Sj = Yli fa^i^ for < z < ra; so, in principle, we can 
determine the image of the generators of under this isomorphism. 

3.26. Remark, (i) Lusztig [L81] has shown that there exists a homomorphism $ from the Hecke algebra 
J^{W) of any finite Weyl group W to the group ring RW and he shows that $ induces an isomorphism 
when Jif(W) is semisimple. Ding and Hu [DH] have given a generalization of Lusztig's isomorphism 
theorem for cellular algebras, specially the cyclotomic Hecke algebras. Our map is not an analogue of 
Lusztig's isomorphism. 

(ii) Brundan and Kleshchev [BK2, Corollary 1.3] showed that when i? is a field of characteristic 
zero, there is an isomorphism between the cyclotomic Hecke algebras Hm,n{(l,Q) with q not a root 
of unity and the degenerate cyclotomic Hecke algebras ^m,n{Q)- On the other hand, Lusztig [L89] 
showed that there is a completion isomorphism between the affine Hecke algebras Jif^^ and the 
degenerate affine Hecke Jif '^^. Then the following diagram commutes 



e 



where the other homomorphisms are the natural ones. Moreover, the isomorphism can be given 
by the Mathas [M04, Corollary 2.14] and Corollary 3.25 when both J^m,n{(l,Q) and Jifm.,n{Q) are 
semisimple over a field of characteristic zero. 

3.27. Theorem. Suppose that R is a field and that p,^{Q) 7^ 0. Let A be an m-multipartition of n. 

(i) Let t be a standard X-tableau. Then Fi = ^^/tf and Fi is a primitive idempotent with S'^ = JifFi. 

(ii) Let Fx = X]testd(A) -^t- Then Fx is a primitive central idempotent. 
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(iii) {-FaI-^ ^ <^^(m, n)} is a complete set of primitive central idempotents; in particular, 

X£,^{in,n) i standard 

Proof. Note that Ft = Ylab^^^fab by Theorem 3.20(ii). Now by Proposition 3.14(ii) and Theo- 
rem 3.20(i) fsi = fsiFi = X]„t,'^afa/st/ab = Zlb7tnb/sb- Equating coefficients, rtb = if b 7^ t and 
^iili = 1- Since = Fi, we also have r(,t = if b 7^ t. Hence Ft = By Theorem 3.20(i), Ft = is 
an idempotent. Further, Ft is primitive since is irreducible and ^ ^Ft. 

(ii) and (iii) now follows because ,9^ = ^x£.^(m n) ©testd(A) =^-^t is a decomposition of into a 
direct sum of simple modules {S^ = M'F^ \ X e ^(m, n), t G Std(A)}. □ 

3.28. Corollary. Let t be a standard tableau and let k be an integer with 1 < k < n. Then 

(i) XfcFt = rest(A;)Ft and Xkfsi = Tess{k)fsi. 

(ii) Ylcen{k)i^i<: ~ c) = and this is the minimum polynomial for Xk acting on Jif. 

(iii) Xk = ^jrest(/i;)Ft, where the sum is over the set of all standard tableaux {of arbitrary shape). 

Proof, (i) follows directly by Theorem 3.27(i) and Proposition 3.14(iii). 

(ii) First, ^cG7^{A,■)(^fc - c) = J2iUcen{k)i^k - c)F, = J2iUceTi{k)i'^^^iW - c) = 0. Now if we 
remove any factor Xk — c from the product ^ce7^(A:) (•^'^ ~ '^)- Then there exists a standard tableau t 
such that rest(/c) = c' and for any standard tableau s 7^ t, TeSs{k) 7^ c'. Hence Y[n{k)3c^c'(^k ~ c) = 
E,^t^7^(fc)^c^c'(3;fc-c)^t + ^7^(fc)^c^c'(3;fc-c)^t 7^ 0, that is, Ucsn{k)i^k-c) is the minimal polynomial 
for Xk acting on J^. 

(iii) is follows directly by (i) and Theorem 3.27(iii). □ 

Now we have a remark on the center of Jif which described explicitly by Brundan [B, Theorem 1]. 

3.29. Remark. The results in this section can be used to give a differential proof of the center of 
which is the set of symmetric polynomials in xi, . . . , x„, when Jif is semisimple. 

4. Dual Specht modules 

Let ^ = Z[gi, . . . , Qm], where gi, . . . , are indeterminates over Z, and let be the degenerated 
cyclotomic Hecke algebra with parameters gi, . . . , over 3f. Consider the ring i? as a ^-module by 
letting Qi act on R as multiplication by g^, for 1 < i < m. Then = ®^ R, since is free 
as an i?-module; we say that Jif is a specialization of Jif^ and call the map which sends h G J^^f to 
/i (g> 1 G Jif the specialization homomorphism. 

4.1. Definition. Let " : iF — )■ ^ be the Z-linear map given by gj h-> —qm-i+i, Xi ^ —Xi for 1 < i < m, 

and Sk = —Sk ioT 1 < k < n. 

Using the relations of it is easy to verify that " now extends to a Z-linear ring involution 
" : Jif^ — > of J^^. Hereafter, we drop the distinction between g^ and gj. Suppose that h G Jf. 
Then there exists a (not necessarily unique) G such that h = h^- ® 1 under specialization; 
we sometimes abuse notation and write h = ® 1 G As the map " does not in general define a 
semilinear involution on R, this notation is not well-defined on elements of J^; however, in the cases 
where we employ it there should be no ambiguity. For example, for all w ^ Sn- 

4.2. Remark. The operation " is very differential form the one defined by Mathas in [M04, §3] in the 
case of the cyclotomic Hecke algebras. 

4.3. Definition. Suppose that A = (A^; . . . , A™) is an m-multipartition of n. Let yx = X1«,6S;^(~1)'*'"''*'"^ 
and define nx = yx^x '^here 

U-x={-lr<^'^l[l[{Xk-qm-^+l) = {-lr'^'^l[ n (^^-^^)' 
i=2 k=l i=l k=l 

where Oj = | A"^| -|- ■ ■ ■ -|- |A*"^| for i = 1, . . . , m and n{X) = J2^2 ~ Yl^ii"^ ~ l)!-^*!- 
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For standard tableaux s, t G Std(A) set n^t = d{s) nxd{i). 

4.4. Lemma. Keep notations as above. Then yx = Tx, = m^, and G is mapped to rigt 
under specialization. 



Proof. All statements follows directly by definitions and the computations. 



□ 



4.5. Theorem. The degenerate cyclotomic Hecke algebra M' is free as an R-module with cellular basis 
{nst|5,t G Std(A) for A G ^{m,n)}. 



Proof. The assertion follows by Theorem 3.7 and Lemma 4.4. 



□ 



Let A be an m-multipartition of n. Then M'^-'^ is a two-sided ideal of which is free as an i?-module 
with basis {?T,(jf,|a, b G Std(/i) for yU > A}. For simplicity, we write Ji^^^ for M'^'^. 

4.6. Definition. Let be the Specht module corresponding to A determined by the basis {rist}; which 
is call the dual Specht module corresponding to A. 

It is clearly that = .Wnxj {M'nx^-^^'^^ and is free as an i?-module with basis {nt|t G Std(A)}, 
where = n^^x + J^^^ = m^^x + for all t G Std(A). 

In order to compare the two modules 5^ and 5*^ we need to introduce some more notation. Given 
a partition a let a = (cti, o"2, • • • ) be the partition which is conjugate to a; thus, (Tj is the number of 
nodes in column i of the diagram of cr. If A = (A^; . . . ; A™) is an m-multipartition then the conjugate 
m-multipartition to A is the m-multipartition A = (A^, . . . , A™) with A* = A™~*+'^ for 1 < i < m. Now 
suppose that t = (t^; . . . ; l"^) is a standard A-tableau. Then the conjugate of I is the standard A-tableau 
t = (t^; . . . ; t*") where t* is the tableau obtained by interchanging the rows and columns of t'"~*+^. 

4.7. Example. Let A = (3 ■ 1; 4 ■ 2) G ^(2, 10). Then A = (2 ■ 2 ■ 1 ■ 1; 2 ■ 1 ■ 1) G ^(2, 10), and 

A 



[A] 



[A] 



V 



v 



1 


2 


3 


4 




1 


2 




3 


4 




5 


] 


6 





5 


6 


7 


8 


9 


10 







5 


9 




6 


10 




7 




v 


8 





1 


4 


2 




3 





9 



10 



7 


9 


10 


8 





1 


3 


5 


6 


2 


4 





4.8. Lemma. Let i be a standard X-tableau. Then rest(/c) = — rest(/c) in for 1 < k < n. 
Proof. The lemma follows immediately form the definitions. 



□ 



The point of Lemma 4.8 is that the expression rest(/c) is always well-defined; whereas rest(/c) is 
ambiguous for certain rings R. As a first consequence we have the following fact. 

4.9. Proposition. Let s and i be standard X-tableaux and suppose that k is an integer with 1 < k < n. 
Then there exist rt, G -R such that 



XkUsi = Tess{k)nsi + 



Std(A)9b>s 



rijUiii mod 
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Proof. First assume that R = 2" . Then " is a Z-hnear ring involution on M'^ and = — x^; therefore, 
by Theorem 3.11, 



^k^si = -Xkm^i = - (Tess{k)msi + ^ rt,mt,t mod Jif^^ 

Std(A)9b>s 
Std(A)9b>s 

=reSs(/c)?T,5t + ^ (— '''b)^bt mod J^^^. 

Std(A)9b>s 

The general case now follows by specialization since Jif = Jif^ ® j» R. □ 

Next consider the orthogonal basis {/st} of ^ in the case where Pj^iQ) is invertible. Let be the 
localization of iF at P.^'{Q) and let be the corresponding degenerate cyclotomic Hecke algebra. 
The involution " extends to M'^p and ^ is a specialization of whenever P,^{Q) is invertible in 
i?. (Note that gi, . . . , are indeterminates in f^p.) 

In general, /gt ^ ^^^S however, if t 7^ u then rest(/i;) — resu(/c) is a factor of P.^{Q) for all /c, so 
/at £ -^^p and we can speak of the elements Ft and f\i G J^^. More generally, whenever Pj^{Q) is 
invertible in R we have an element /^t G ^ via specialization because = ^;Zp ® -R- 



4.10. Proposition. Suppose that t is a standard tableau. Then Fi = Fi in Jif^, 



Proof. Note that TZ{k) = 7l{k) and resu(/c) 7^ rest(A;) if and only if reSu(A;) 7^ rest(A;). Now applying the 
definitions together with Lemma 4.8 gives 



n n restf/t) 
fc=i cG7^(fc) ' 

cj^rest{k) 



n n 

k=l /^e^(m,n),uGStd(/^) 
resu(fc)^rest(fc) 

n 

n n 

fc=l /xe£^(m,n),uGStd(/i) 
resu(fc)^rest(fc) 

n 

n n 

fe=l /iG5^(m,n),uGStd(/^) 
resu(fc)7^res|(fc) 



TT TT Xk-C ^ ^ 

ii ii reSi(k) — c 

k=l c£n{k) ^ 
C5!^rcst(fc) 





ies^{k) 


rest(A;) 


- resu(/i;) 


Xfc - 


reSu(A;) 


rest(/i:) 


- resu(/i;) 


- 


reSu(A;) 


rest(A;) 


- reSu(A;) 



□ 



Now we let g^i = FsrisiFi] then in J^^^, ^f^t = F,m,iFi = f Applying to {/^t} and using 
Theorem 3.20(ii) (and a specialization argument) shows that {(^stls,! G Std(A), for A G =^(m,n)} is a 
basis of J^. Consequently, as in Corollary 3.22, = ^g^i for any standard A-tableaux s, t G Std(A). 

4.11. Remark. By the Proposition and Theorem 3.27(i), 

— r. 7t 



ga = ftt = ItFi = 7tF| = — /tt. 

71 

More generally, we can write g^i = J2ab''^ab fab for some G R. By Propositions 3.14 and 4.10, 
FsgsiFi = gsi] so it follows that rat, = unless a = s and b = t. Therefore, gsi = agt/st for some a^t G R. 
Applying the *-involution shows that a^t = c^is- Finally, by looking at the product g^igts we see that 
ttst = %7t/757i- 
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Combining Proposition 4.10 with Corollary 3.22 and the corresponding result for the (/-basis shows 
that = J^fii = J^gii = 5''*', for any t G Std(A). Hence, we have the following. 

4.12. Corollary. Assume that Assumption 2.10 holds. Then = S^. 

4.13. Remark. When R is field the assumption that Assumption 2.10 holds is equivalent to ^ being 
semisimple. This assumption is necessary because, in general, and S"^ are not isomorphic; rather, 
we can show that is isomorphic to the dual of S'^, the detail will be appear elsewhere. In the 
semisimple case both S'^ and S'^ are irreducible, and hence self-dual, since they carry a non-degenerate 
bilinear form. Accordingly, we call the module the dual Specht module. 

4.14. Corollary. Let A and /i he m-multipartitions of n. Suppose that s and t are standard X-tableaux 
and that a and b are standard ^-tableaux. Then fstQab = ^ia^tt/sb for some rtt, G R. 

Proof. Applying the definitions and Remark 4.11, 

fsi9ab = F.m.iFiFarhabFt, = F.m.iFiF^m^i^Fi, = ^ts^s'TistFtm^bFt, = 5ta^ib/sb 
for some rtt, G R. It completes the proof. □ 

The Specht modules 5''*' and the dual Specht modules S''^ are both constructed as quotient modules 
using the cellular bases {nist} and {n^i} respectively (see Corollary 3.22). Using the orthogonal basis 
{fst} and {gsi} we have also constructed these modules as sub modules of Jif. 

Recall that t'^ is the A-tableau which has the numbers 1,2, . . . ,?t, entered in order first along the 

rows of t'^^ and then the rows of t'^^ and so on. Let = t^, that is, tx is the A-tableau with the 
numbers 1, 2, . . . , n entered in order first down the columns of tyn and then the columns of tA^-i etc, 
see Example 4.7. Observe that if t is a standard A-tableau then t'^ > t > tx. 

4.15. Proposition. Suppose that A be an m-multipartition of n. Then nixJifux = Rfi^i . 



Proof. By Proposition 3.14(i), mx = fi>-t^ + J2a fai>i^ ^ab/ab for some r^b G R. By interchanging the roles 
of A and A and by applying the involution " (in J^^^ and then specializing) we see that there exist 
Tap G R such that 

(t) n-x = s-tXtA + ^ r^f^Qo^fi = — /uu + r^fiQ^fi 

where for the second equality we have used Remark 4.11 (note that = tx) and the observation that 
Q!,/9 > t'^ if and only if tx > a,/3. Now mx^rix is spanned by the elements mxfsinx, where s and t 
range over all pairs of standard tableaux of the same shape. Now, (f) and Corollary 4.14 imply that 

mxfsin-x = i /tAjA + Tabfabjfsil — fi^ix + Yl ^^P^o^P ) 



7t, 



tA>a,/3 
a,b>t^ 



'7tA p f f 

Jt^t^ Jst/fAtA 

7tA 



A 

0, otherwise 



7t^7tA/t^tA) if s = t'^ and t 



With the third equality following the facts that fabfsiQap = Ks^ia^fa^ some r E R and that 
tA > « = t > tA is impossible. □ 

Let wx = d{tx). Then wx is the unique element of Sn such that tx = t'^wx- 
4.16. Definition. Suppose that A is an m-multipartition of n. Let zx = mxwxnx- 

The element zx and the following result are crucial to our computation of the Schur elements. 
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4.17. Proposition. Assume that Assumption 2.10 holds. Then z\='-)^\f^\^^^ and mxJ^nx= Rzx. 

Proof. By definition and applying the equality (f) in the proof of Proposition 4.15, 

zx = mxwxn-x = m^x^^Ux 

= ( /t^tA + 5Z ) ( I^^t^tA + 1] r^pg^p j 

f f 

- —JiHxJixix 

lix 

where the last equality follows by Theorem 3.20 (i). □ 

Now, Zx is an element of J^^, so 7^/tAt^ G J^^-. By definition, J^zx is a quotient module of J^mx 
and a submodule of Jifux- 

4.18. Remark. Over an arbitrary ring R, along the line of Du and Rui [DR, Remark 2.5], we can show 
that = J^z^ and S'^ = J^zx as .^-modules, the isomorphisms being given by the natural quotient 

5. Some nice primitive idempotents 



maps Jifmx — )■ J^Zx and J^rix — >■ Jifzx- Note that S''^ = when Jif is semisimple by Corollary 3.22 



In this section we give a simple formula for the primitive idempotents F^x = —fiX. 

liX 



5.1. Proposition. Suppose that t is a standard X-tableau. Then there exist invertible elements $t and 
in the group algebra RSn such that 

(i) ^,F, = FtA$t; 

(ii) $t = d{t) + J2w<d{t) ^iwW, for some G R; and 

(iii) 7tA<l>t^* = 7t. 

Proof. We prove all three statements by induction on t with respect to the dominance >. When t = t'^ 
there is nothing to prove as we may take ^^x = "^^^x = 1. Suppose then that t ^ t^. Then there exists 
an integer i, with 1 < i < n, such that s = t(z, z + 1) > t, or equivalently t = s(z, i + 1) > s. 

Let a = — — 7w and (3 = — pr = —a. Then a + /3 = 0, 1 + af3 = — , and (sj — 

P)fii = (7t/7s)/si according to Theorems 3.18(i.b) and 3.15. Similarly, by the right hand analogue of 
Theorem 3.15 (interchanging the roles of s and t), fss{si — a) = f^i- Therefore, 

(t) {si - /3)Ft = — (si - /3)/tt = —f,i = —f,M -a) = F,{si - a). 
7t % % 

By induction, there exist invertible elements <I>j and in RSn satisfying properties (i)-(iii). 
Now define \l/t = "^sisi — (3) and $t = '^'s(si — «). Then, by induction and the equation (if), 
^tFt = ^,{si - I3)F, = ^,F,{s, -a) = F^x<^,{s, - a) = F^x<l>,. 
Hence, (i) holds. Next, again by induction, 

v<d{s) w<d{t) 

by the standard properties of the Bruhat order since d{t) = d{s)si > d^s) according to Lemma 3.4. 
Furthermore, by induction, \E't and $t are invertible because Si — a and Si — /3 are invertible in RSn- 
(ii) is proved. 

Finally, using induction once more (and a quick calculation for the second equality), 

7tA<l>t^* = 7tA$a(s» - a){si - /3)^; 

= 7t^*4 1 + a/3 - (a + P)si]^; 
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This proves (iii) and so completes the proof. □ 

5.2. Remark. We are not claiming that the elements <l>t and \i/t are uniquely determined by the condi- 
tions of the Proposition; ostensibly, these elements depend upon the choice of reduced expression for 
d{t). Indeed, if Sj^ . . . is a reduced expression of d{t), then we may choose that 

= (sii - Ai) • • • (sj, - A;) and $t = (sii - ftij . . . (si, - ttij, 

where tj = t{si, ■ ■ ■ s^J, = ,,,^^.(,^.)_^,,^^_^(,^) , and A^, = -a,^. 

5.3. Corollary. Suppose that t is a standard X-tableau. Then 

(i) Ft. = ^^tFt^t*; and, 

(ii) F, = ^$tFt.$t. 

Proof. Using parts (iii) and (i) of the Proposition, shows that 

= (^^t$t)*i^iA = — ^tFt^t* and Ft = Ft(— ^^^^t) = — $t*^t$t, 
7t 7t 7t 7t 

where we use the 'conjugating' version of Proposition 5.1 for the proof of the part (ii). □ 

The main reason why we are interested in \E't and $t is the following. 

5.4. Lemma. Suppose that s and t are standard X-tableaux. Then 

/,t = *:/tAt,*t. 

Proof. By the definition of /jt and Proposition 5.1(ii) we have 

/,t = F,d{s)*mxd{i)F, = F,$;mA$tFt - ^ p,^p,^F,v*mxwFi. 

iv,w)<(d{s),d(l)) 

Now if {v, w) < {d{s), d{t)) then, by Lemma 3.4, v*mxw belongs to the span of the rriab where (a, b) > 
(s,t). Therefore, by Proposition 3.14(i), v*mxw belongs to the span of the where either a and b 
are standard A-tableaux and (a, b) > (s, t), or Shape(a) = Shape(b) > A; consequently, FsV*m\wFi = 
by Proposition 3.14(iii). Hence, by Theorem 3.27(i) and Proposition 5.1(i), 

/,t = F,<D:mA<I>tFt = ^:Ft.mAFtA^t = ^.Vt^t.^t* 
as required. □ 

Recall that, see Proposition 4.15, zx = mxWxUx = u^xxWxUxU^ = Tt^/t^t^- The following fact is 
crucial to our computation of the Schur elements of the degenerate cyclotomic Hecke algebras. 

5.5. Proposition. Suppose that A is an m-multipartition of n. Then 

FiX = —f^xt^^i^ = -^^zxw-x 
is a primitive idempotent of with J^F^x = S^. 

Proof. By Corollary 5.3(i) and Proposition 5.1(iii), FtA = ^^'t-^t^t = It^^t^^ix- Now, by Proposi- 
tion 4.17, Zx = 7^/tAt;^ = liX^Ji^F^x^i^. Therefore FtA = = — Zx^i^, which implies that Zx G FtA^, 

^|A '"''^A 

moreover FtA^A = zx since FtA is an idempotent. As a consequence, 

1 ^ 1 
zxwx = Fixzxwx = = — zx^t^zxwx = = — mxwxn-x^t^mxwxn-xwx- 

7tA7tA 7tA7tA 

Applying Proposition 5.1(ii), ^t^ = uix + J2w<wx ^hw^^^ some Vi^^ ^ R- On the other hand, note 
that the permutation wx has the "trivial intersection property", that is, Sx H wSxW^^ ^ {1} if and 
only if SxwSx = SxWxSx, see for example [DJ86, §4.9]. As a consequence, UxWXx 7^ if and only if 
w G SxWxSx- Thus Ux^i^xx = Ux^xXx since wx is the unique element of minimal length in SxWxSx, 
and zx^t^zx = {xxu^wxu^yx)^i^{xxulwxu^y-x) = xxulwxu^yxWxXxulwxu^yx) = zxWxZx- Therefore, 
zxWx = = — (zxWxY- Furthermore, = — zxWx is an idempotent in ^FtA. Hence, FtA = = — zxWx 

T(A "ftx 7jA "fix TjA "/ix 

since FtA is a primitive idempotent. □ 
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6. Computation of t{zxWx) 

In this section we determine t{zxWx), which is the key to the computation of the Schur elements of 
the degenerate cyclotomic Hecke algebras J^. We will see that for all parameters qi, . . . , qm, t{zxW\) 
is a unit in i?, which answer partly that for all parameters gi, . . . ,gm; ^ is a symmetric algebra. 
This fact has important consequences for the representation theory of degenerate Hecke algebras. For 
example, it can be used to show that 5*^ = M'mx is a self dual ^-module and that is isomorphic 
to the dual of S^. The details will be appear elsewhere. 

6.1. Fix an m-multipartition A = (A^; . . . ; A™) of n. Let Oj = X]j=il-^"'l ^'^'^ ^« ~ Xl^Li+i l-^''! f*^^ 

1 < i < m. Set ?7.(A) = Y^=\ = ^ 1)1-^1 ^^^d a(A) = |^™i^j>i(A* — 1)A*. For each integer k 
with 1 < A; < n, we let c^ilz) = c (resp., cx{k)) if k appears in the c-component of t'^ (resp., tx)- Then 
c^{k) = min{l < c < m \ k < |A^| + ■ ■ ■ + lA*^!} and ca(A;) = min{l <c<m\k< |A"'+^-^| + - ■ ■+|A'"|}. 

Recall that n+ = UT=2irk=ii^k-qi) and = UT=2U''iLiixk-qi) (Definitions 3.6 and 4.3). 

Clearly, u~j^ is a polynomial (in variables xi, . . . , x„) of degree «(A) and is a polynomial (in variables 
Xi, . . . ,Xn) of degree n(A). Furthermore, for each integer k with 1 < A; < n, is a polynomial in Xk 
of degree m — cx{k). 

Recall that there is a natural 5'„-action on the polynomial ring R[yi, ...,?/„] defined by 

■ /(Z/l, ■■■,yn) = fiVail), ■ ■ ■,ya{n)) 

for all a E Sn and for all f{yi, . . . , Hn) G R[yi, ■ ■ ■ ,yn\- For a moment, we denote by L{f) the leading 
term of a polynomial /(?/i, . . . , ?/„) G R[yi, ...,?/„]. 

Before we state our key lemma, we consider an example. 

6.2. Example. Let A = (2 ■ 1 ■ 1; 2 • 1; 1) be a 3-multipartition of 8. Then A = (1; 2 ■ 1; 3 ■ 1), ai = = 63, 

02 = 4, as = 7, 61 = 4, 62 = 1, ''^(A) = 5. Furthermore 

ul = (xi - g2)(a;2 - q2)ix3 - q2)ixi - g2)(a;i - q3){x2 - q3)ix3 - q3)ixi - q3)ix5 - q3){x6 - q3){x7 - gs), 
= -(xi - gi)(x2 - gi)(x3 - gi)(x4 - gi)(xi - ^2), 



/1 2 3 4 5 6 7 8\ n s o p;Vq 7 ^ fi^ /1 2 3 4 5 6 7 8\ n o sVq /i 7^ -1 

^^"18 5761342;" (1, 8, 2, 5)(3, 7, 4, 6), W), = (^5 867243lj" (1, 5, 2, 8)(3, 6, 4, 7) = 



5 6 7 



12 3 4 



5 6 7 



and wx- = -{xs - qi){x5 - qi){x7 - qi){xQ - qi){xs - ^2)- Thus L(m^(wa-m^)) = -xfx^ ■ ■ ■ xj. 

X 



similarly, it follows by direct computation that L^^Wx-wDur) = —xfxl ■ ■ ■ Xg 



The following fact is the key to our computation of rlzxWx)- 

6.3. Lemma. Let A be an m-multipartition of n and let I = {m — l)n. Then the polynomials ul^^WyU^ 
and {wx-u^)u^ are of degree (m — l)n, moreover, 



m— 1 ^m~l 



gTlU+{wx-U-^) = gTl{w-x-U+)u-^ = (-l)"(^)x^^ 'x 

Proof. It suffices to show that gri{wx-u'^)u^ = {—l)"'^^^x^~^x^~^ ■ ■ -x"^'^. Indeed, if this is done, then 
the first part follows immediately from that the degrees of u^{wx - u^) and {wx-u1^)uj^ are at most 
(m — l)n; on the other hand, note that for any w G Sn, gTiW-{wx-u'l)u'T^ = (— l)"*^''*-'x^~^x 



m—l „m—l 
' X^ 



In particular, let w = wx, then giiWx ■ {wx- u^)u^ = g;i:i{wxWx- uj^){wx- u^^) = gTiu\{wx-u^ 

(^_l)n(A)^m-l^m-l . . . ^ni-l g^^^^ ^ ^_ 



We proceed by induction on n. Then, by definitions, L{ux) = HiLi ^ L{u^ ) = HiLi ^ 



X, 



Now, if there are some i with 1 < i < m such that |A*| = 0, for simplicity, we assume that A^ = and 
AV 7^ A'", then 

r2, ifl<z<|A2|; cJz)-|2, iin-\X'\<z<n; 

^ ^' ~ ^ m, ifn-lX""] <% <n, ^^^^^ ~ 1 m, if 1 < « < |A"i. 
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Therefore 

Liui 



|A2| n-IA™! 

„m-2 I I m-CA(i) 



-Q ^--cAv^; ^^^^ 



j=l i>|A2| 

On the other hand, 



i=l 



«>|A" 



i>n-|A2| 



1 2 



Hi2 ■■■ «|A2| 



— lA™! + 1 ■ ■ ■ n 

jl ■■■ J|A-| 



where {h = ra- jA^I + 1, zg, ■ ■ ■ ,^|a2|} = {n-\X'^\ + l, ■■■ ,n} and {ji = 1, ja, ■ ■ ■ , j|A-|} = {1, ■ ■ ■ , |A™|}. 
As a consequence, 

^((^A-O^x) = ( 



|A"i| n-|A'"| n-|A2| n 



n-r- n 

i>|A2| 



n n 

i>|A'"| i>n-|A21 



Now, by induction, = (-l)"^^^^-^^-^ ■ ■ -x^^-^ 

Now assume that A = (A^; . . . ; A™) with |A*| > 0. Then 

|Ai| n-IA™! 



|A-| 



n-|Ai| 



X. 



m.-cx(i) 



and L(nr) = (-irW JJ^r^ J] 



i>|Ai| 



olA'"! 



Using the same arguments, we yield that L{{wx-u^)ut) = (— 1)"^ -"x™ 



□ 



Now we can obtain the main result of this section. 
6.4. Theorem. Let A he an m-multipartition of n and 'T'(A)=^™^(z — 1)|A*|. Then t{zxWx)={—^^^'^'^ ■ 

Proof. First, note that for any w G S'„ and any polynomial /(xi, . . . (in Xi, . . . ,x„), / and w-/ 
have the same degree, furthermore, the leading terms oi w-f are obtained from those of / via the 
w-action. Let I = {m — l)n. Therefore 



^(^au^a) = T{xxuXwxuly-xW-x) 
= T{ulwxu^y-xw-xxx) 
= ^ {sT^iiutwxu^y-xWxXx)) 
= ^ (g^z «(wa-m^)) wxy-xw-xxx) 

.^)n(A) ^ (_i)^(«)r (x^-' ■ ■ ■ x'^^-'wxuw-xv) 

.^^n(A) J2 . . . x'^^-^wxuwx^v) 

u£Sx,v€Sx 

_^^n(A) ^ {-1Y^''^t{xT~^---x';^-^WxUWx^v) 
-T '^"('^Vl'x''"""'^ ■ ■ ■ t"*"-*^ 



(Definition 4.16) 
(2.9(i)) 
(Theorem 2.8) 
(Lemma 2.7) 
(Lemma 6.3) 

{wxw-x = 1) 

(2.9(ii)) 

iSxnwxS-xWx' = {l}) 



□ 



6.5. Remark. Note that we do not use the Assumption 2.10 in this section. The Theorem shows that 
for all parameters qi,. . . ,qm, t is a non-degenerate trace form on the degenerate cyclotomic Hecke 
algebra J^m,n{Q), that is, J^m,n{Q) is a symmetric algebra for all parameters gi, . . . , g^, which gives a 
differential proof of the non-degeneration of the trace form r. 



CYCLOTOMIC HECKE ALGEBRAS 



23 



7. The Schur elements 

In this section we compute the Schur elements of the degenerate cyclotomic Hecke algebra . 
Assume that Assumption 2.10 holds. In this semisimple case {5'^|A G <^(m, n)} is a complete set 
of pairwise non- isomorphic irreducible J^- modules. Let be the character of 5''^. Following Geek's 
results on symmetrizing form (see [GP, Theorem 7.2.6]), we obtain the following definition for the 
Schur elements of associated to the irreducible representations of M' . 

7.1. Definition. Suppose that i? is a field and that P,_^'{Q) 7^ 0. The Schur elements of Jif are the 
elements sx{Q) G R such that 

The rational functions j^jq^ are also called the weights of J^. 

Recall that F^x is a primitive idempotent in such that = J^F^x for each m-multipartiton of n 
and {Fi\ \ A G ,^(m,n)} is the set of primitive idempotents in ^ (see Proposition 5.5). By applying 
a well-known fact about symmetric algebras (see [CR, Proposition 9.17]). We can compute the Schur 
elements of M' by following the Lemma. 

7.2. Lemma. Assume that R is a field and that is semisimple. Let A be an m-multipartition of n. 

Then sx{Q) = -tttt- 
r(FtA) 

Before we begin our computation, we consider first an example. 

7.3. Example. Fix i with 1 < i < m and let rji = [rjl; . . . -,7]^) G J3^{m,n) with rjj = Sijn. We 
will compute the Schur elements s^.((5). Let x^- = "^^^g^w and u^. = Iljyi 11^=1 (^fc — Qj), and set 
e^. = UrjiXrji = XrnUrn (cf (3.7)). It follows from Lemma 2.3 that Ur^^ is central in Further, the 
relations imply that XiU^^ = QiUrj^ and wXn^ = a:^^ for w G Sn', it follows that x^e^^ = {k — 1 + qi)ern 
for = 1, . . . , n. Thus the module M'm.y^^ is one dimensional and, in particular, irreducible; in fact by 
Theorem 3.11(ii) and §2.8, S*^* = J^e^^ = -Re^-. Moreover, by what we have said 

n 

4 = n n*^^ " ^ + ~ ■ 

fc=i 

So is a scalar multiple of the primitive idempotent which generates S'^\ Hence, by the Lemma, 

n-l 

=^!^^(^+^^-^^•)• 
Similar arguments give the Schur elements for the multipartition which is conjugate to 77^; alternatively, 
they are given by Corollary 7.5 and the calculation above. 

7.4. Remark. There is an action of Sm on the set of m-multipartitions of n (by permuting components) 
and also on the rational functions in gi, . . . , (by permuting parameters). When is semisimple 
the Specht modules are determined up to isomorphism by the action of xi,...,^^; as the relation 
111^1(3^1 ~ 9i) =0 is invariant under the Sm-action it follows that s„.a(Q) = v ■ s\{Q) for all m- 
multipartitions A and all v G Sm] this is also clear from Theorem 3.27(i). In the case where X = rji 
this symmetry is evident in the formulae above. 

By Lemma 7.2 and Theorem 3.27 the Schur elements are given by sx{Q) = t^F^x)"^. Proposition 4.10 
implies that the Schur elements have the following "palindromy" property. 



7.5. Corollary. Suppose that A is an m-multipartition of n. Then Sx{Q) = sx{Q). 

The following fact givse the formula for the Schur elements of sx{Q) of Jif. 

7.6. Proposition. Assume that Assumption 2.10 holds. Let A he an m-multipartition of n. Then 
Sx{Q) = (-l)"W7i.7^I. 

Proof. The Proposition follows directly by Proposition 5.5, Lemma 7.2, and Theorem 6.4. □ 
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A closed formula for can be given by Theorem 3.18(ii.a). Now we determine 7t^ which enables 
us to give an explicit formula for sx{Q). Before to do this, we need some notation. 

7.7. Recall that the {i,j)-th hook in the diagram [A*] is the collection of nodes to the right of and below 
the node (z, j, s), including the node (z, j, s) itself. The (z, j)-th hook length h^j = A| + — i — j + 1 
is the number of nodes in the ijth hook and the leg length, if J = A^ — j + 1, is the number of nodes in 
the "leg" of this hook. Observe that if (a, b, c) and c) are two removable nodes in [A*^*^)] with a < i 
and j < b then h^j = b — a — j + i + 

7.8. Lemma. Suppose that A is an m-multipartition of n. Then 



Proof. We proceed by induction on n. If n = 0, both sides are 1 and there is nothing to prove (by 
convention, empty products are 1). Suppose that n > 0. Let /i = Shape(tA i — 1). Then is an 
m-multipartition of rz — L Applying Theorem 3.18(i), 

Tt, _ n.gM.W (rest,(r2) -res(x)) 

7t, n^G,^,^ (n) (rest, (n) - res(y)) ' 

Assume that the integer n appears in node (a, 6, c) of t^. First consider the contribution that the 
addable and removable nodes in [A^] make to 7t^ . By definitions, these nodes occur in pairs (x, y) 
where y >- (a, 6, c) is a removable node in row i and x >- (a, fe, c) is an addable node in row i + 1 for 
some i > a. If a; is in column d of [A'^] and y is in column d' then d < d' < b and 

d' 

rest^ (n) — reSf^ (x) b — a + qc — d + {i + 1) — qc b — a — j + + 



TeSi^ (n) — TeSi^ (y) b — a + qc — d' + i — qc ^_ b — a — j + i 



n 



j=d 



Therefore, 



n(,,,c)gM,(n) (rest,(n) - rest,(i, J, c)) _ ^ /,a- J_1 ^aj 
n(i,i,c)e,^^., (n) (rest, {n) - rest, {t, j, c)) 11 h^] - 1 11 /ig 



Now 7t is known by induction and it contains as a factor the left hand term in the product below. 
Further, = if- and h'^- = hf- if (z, s) ^ (a, c), and £g = for 1 < j < 6, so 

n ^)(n^) = ( n ^){n^ 

(i,s)7^(a,c) 

11 /A"' 
(ij,«)G[A] *J 

since /z^|| = 1 = ial- This accounts for the left hand factor in the expression for '~f^^ given in the 
statement of the Lemma. 

Finally, consider the nodes in jat, (f^) and e^t, l'^) which are in component t for some t > c (there are 
no such nodes for t < c). Again, almost all of the addable and removable nodes in component t occur 
in pairs placed in consecutive rows; however, this time there is also an additional addable node at the 
end of the first row of A*. As above, it is easier to insert extra factors which cancel out and so take a 



CYCLOTOMIC HECKE ALGEBRAS 



25 



product over all of the columns of A*^*-*. An argument similar to that above shows that the nodes in 
s^i^ in) and in) which do not belong to component c contribute the factor 

iii ' ^* \k ib-a + q,-k + X-qt) 

to 7t^. Using induction to combine the formulae above proves the Lemma. □ 

Now we obtain the explicit formulae for the Schur elements of the degenerate Hecke algebras Jif. 
7.9. Theorem. Let A be an m-multipartition of n. Then 

sx{Q)= n n 

{i,j,s)e[X] l<s<t<m 

where, for 1 < s < t < m, 



'A 



X^t= n (l-k + qt-qs) n (ij-^ + <ls-X\-qt)l[ 



j - i + qs - r + 1 + X\ - qt 



] — i + qs — r — qt 
Proof. By applying Theorem 3.18(ii.a), we obtain that 

(t) 7t^=A! n n iJ-'+<it-qs). 

l<s<t<m (jj,s)g[A] 



Observe that A! = Yl^- ■ ^-^^^^^^ ifj . Further (i, j) G [A'^] if and only if (j, i) G [A"^~^+^]. Therefore applying 
the " operation on the equality (f), and swapping the roles s and t in the right-hand factor, 

^ = ^' n Yl U-^ + Tt-ql) 

l<s<t<m 

l<s<t<m (j^i)^[\m-s+l] 

= (-irWA! n n i^-J+qm-s+l-qm^t+l) 

l<s<t<m {j,i)g[A™-s+i] 

= (_i)n(A) J] J] J] (j-^ + g.-g.). 

(i,j,s)e[A] l<s<t<m.{i,j)G[A*] 

Now using Proposition 7.6 and Lemma 7.8, 

m m 

5A(g)=n n n n (^-^+^*-?^) 

«=1 {«j)6[A1 <=s+l {A:,Z)e[A*] 

A 



(ij-i + qs-qt) 11 — — -= 

,N^rxsi V J - i + qs-r + Xl-qt J 



(ij)6[A' 



n n n 

s=l {i,j)&[X'] t=s+l 



□ 



7.10. Example. It is straightforward to check that the Theorem gives the same rational functions for 
the Schur elements SrjXQ) as were obtained in Example 7.3. 

7.1L Remark. In a subsequent paper, we will give a symmetric and cancellation- free formula for the 
Schur elements for the degenerate cyclotomic Hecke algebras and some applications of our formula. 
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